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Propagation of intense short laser pulses in the atmosphere
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2Icarus Research, Inc., P.O. Box 30780, Bethesda, Maryland 20824-0780
~Received 26 February 2002; published 30 October 2002!

The propagation of short, intense laser pulses in the atmosphere is investigated theoretically and numerically.
A set of three-dimensional~3D!, nonlinear propagation equations is derived, which includes the effects of
dispersion, nonlinear self-focusing, stimulated molecular Raman scattering, multiphoton and tunneling ioniza-
tion, energy depletion due to ionization, relativistic focusing, and ponderomotively excited plasma wakefields.
The instantaneous frequency spread along a laser pulse in air, which develops due to various nonlinear effects,
is analyzed and discussed. Coupled equations for the power, spot size, and electron density are derived for an
intense ionizing laser pulse. From these equations we obtain an equilibrium for a single optical-plasma fila-
ment, which involves a balancing between diffraction, nonlinear self-focusing, and plasma defocusing. The
equilibrium is shown to require a specific distribution of power along the filament. It is found that in the
presence of ionization a self-guided optical filament is not realizable. A method for generating a remote spark
in the atmosphere is proposed, which utilizes the dispersive and nonlinear properties of air to cause a low-
intensity chirped laser pulse to compress both longitudinally and transversely. For optimally chosen param-
eters, we find that the transverse and longitudinal focal lengths can be made to coincide, resulting in rapid
intensity increase, ionization, and white light generation in a localized region far from the source. Coupled
equations for the laser spot size and pulse duration are derived, which can describe the focusing and compres-
sion process in the low-intensity regime. More general examples involving beam focusing, compression,
ionization, and white light generation near the focal region are studied by numerically solving the full set of
3D, nonlinear propagation equations.
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I. INTRODUCTION

The propagation of short, intense laser pulses in the at
sphere may have a number of important applications in
areas of active and passive remote sensing, electronic c
termeasures, and induced electric discharges~artificial light-
ning!. For example, localized ultraviolet radiation genera
at a remote distance by laser ionization can provide a so
for active fluorescence spectroscopy of biological and che
cal agents in the atmosphere. Pulses of intense, dire
white light may also find applications in the areas of hyp
spectral imaging and differential absorption spectroscopy

Experiments using ultrashort~;100 fsec!, high-intensity
(.1013 W/cm2) laser pulses appear to have demonstra
long-distance atmospheric propagation, air breakdown,
mentation, and white light generation@1–14#. Intense, di-
rected white light pulses have been generated and back
tered from atmospheric aerosols up to altitudes of;15 km
@4#. The generation of pulsed THz radiation in plasma ch
nels formed by femtosecond pulses has also been obse
and analyzed@15,16#. Although many of the observation
cannot be completely explained, the experimental, theo
cal, and numerical results obtained to date indicate poten
applications for both passive and active remote sens
@4,17,18#, and induced electric discharges@10–14#, among
others. To achieve these potential applications it is neces
to have a comprehensive and quantitative understandin
the physical mechanisms that govern the propagation of
tense, short laser pulses in air.

The propagation of intense, short laser pulses in the at
sphere involves a variety of diverse linear and nonlinear
1063-651X/2002/66~4!/046418~21!/$20.00 66 0464
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tical processes. The combined effects of diffraction, non
ear self-focusing, ionization, and plasma defocusing play
important role in the propagation of laser and plasma fi
ments@1,5,6,19–26#. In addition, nonlinear bound electro
effects, stimulated Raman scattering, and plasma forma
contribute to considerable spectral broadening and w
light generation by the laser pulse@8,9,23,27–32#.

The physics governing the atmospheric propagation
short intense laser pulses can be very different from tha
long laser pulses. For example, the Raman instability ass
ated with the excitation of molecular rotational modes, wh
can disrupt the long-distance propagation of long~.nsec!
pulses@28#, may not be as disruptive for laser pulses that
shorter than the characteristic period of the rotational m
~;psec!. In addition, experiments and theory indicate th
the nonlinear refractive index of air is a function of the las
pulse length; e.g., for a;100-fsec pulse, it is observed tha
the effective nonlinear refractive index can be several tim
smaller than for a longer~.psec! pulse@1#. Also, because of
their large spectral content, short laser pulses are more
fected by dispersion. Finally, the atmospheric propagation
intense, short laser pulse trains generated by, for example
rf linac driven free-electron laser@33#, may result in suffi-
cient spectral broadening to affect the laser absorption r
That is, the broadened laser pulse spectrum, rather than l
between individual absorption lines, may overlap some
the lines. This could affect the thermal blooming proce
which is a sensitive function of the absorption rate.

In this paper we derive, analyze, and numerically solv
system of three-dimensional~3D!, nonlinear equations for
atmospheric laser pulse propagation. The model includes
©2002 The American Physical Society18-1
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fraction, group velocity, and higher-order dispersion, stim
lated molecular Raman scattering, photoionization, nonlin
bound electron effects, ionization energy depletion, a
propagation in a spatially varying atmosphere. The propa
tion equations are used to analyze a number of physical
cesses, such as optical/plasma filamentation, pulse com
sion, nonlinear focusing, and white light generation.
coupled set of equations for the laser power, spot size,
electron density is derived. At sufficiently low intensitie
where ionization is negligible, a necessary condition
equilibrium of a laser filament is derived. It is shown that
high intensities laser power depletion due to ionization i
plies the absence of a matched beam solution, although
tended propagation is possible, provided the ionization ra
sufficiently small. For laser intensities sufficiently low th
ionization effects and stimulated Raman scattering can
neglected, a set of coupled equations for the laser spot
and pulse duration are also derived. The coupled equat
describe nonlinear self-focusing, compression, and sprea
of chirped pulses in a spatially varying atmosphere. Simu
tions based on the 3D numerical solution of the gene
propagation equations are used to study highly nonlin
propagation in the presence of plasma generation and Ra
scattering.

A process by which a laser pulse can remotely ioniz
localized region of the atmosphere is studied for poss
remote sensing applications. By introducing a negative
quency chirp on a relatively long laser pulse~.psec!, the
pulse can undergo longitudinal compression due to lin
group velocity dispersion. In addition, transverse se
focusing of the pulse takes place due to atmospheric non
earities. For a properly chosen set of parameters, the f
distances for longitudinal compression and transverse fo
ing can be made to coincide, resulting in a significant int
sity increase over a relatively localized region. The co
pressed and focused laser pulse can ionize a local re
~;1 m in extent! of the atmosphere, several kilometers aw
from the source. The localized spark can generate ultravi
radiation through recombination. Since many biological a
chemical agents will fluoresce in the optical regime wh
illuminated with ultraviolet radiation, the recombination r
diation can be used as a source for atmospheric fluoresc
spectroscopy. For this application, the ultraviolet radiat
must be generated locally since it is highly absorbed in
atmosphere.

This paper is organized as follows. In Sec. II the gene
nonlinear 3D propagation equations are derived. In Sec
photoionization processes, filamentation in neutral air a
white light generation~including the effects of photoioniza
tion and Raman scattering! are discussed. Using the sourc
dependent expansion method, coupled equations for the
power, spot size, and electron density are derived, and
approximate equilibrium is obtained in Sec. IV. Section
presents a discussion of compression and focusing of a
pulse in the atmosphere, leading to the generation of a s
at a remote location. Coupled equations for the laser s
size and pulse duration are derived from the propaga
equations in the low-intensity regime. Using the simplifi
coupled equations, conditions are derived for optimal co
04641
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pression and focusing in the low-intensity limit. Simulatio
based on numerical solution of the general propagation eq
tions on a 3D Cartesian grid are used to model high-inten
atmospheric propagation. Laser pulse propagation in a
tially varying atmosphere is also considered. Finally a su
mary is presented in Sec. VI. The Appendix contains
derivation of the nonlinear source terms.

II. GENERAL NONLINEAR PROPAGATION EQUATION

In this section we derive a general nonlinear 3D equat
describing the propagation of an intense laser pulse in
The equation incorporates the effects of diffraction, disp
sion, ionization, pulse energy depletion due to ionizatio
stimulated molecular Raman scattering, nonlinearities as
ciated with bound electrons, spatial inhomogeneity in
density, plasma wakefields, and relativistic electron moti
Figure 1 is a schematic representation illustrating the form
tion of optical and plasma filaments and showing t
(x,y,z,t) coordinate system used in the derivation of t
propagation equations.

A. Wave equation

The starting point is the wave equation for the laser el
tric field E(r ,t), given by

S ¹'
2 1

]2

]z2 2
1

c2

]2

]t2DE5SL1SNL , ~1!

where¹'
2 is the transverse Laplacian operator andz is the

coordinate in the direction of propagation. The quantitiesSL
and SNL denote source terms which are, respectively, lin
and nonlinear in the laser electric field.

The laser electric fieldE(x,y,z,t), linear source term
SL(x,y,z,t), and nonlinear source termSNL(x,y,z,t), are
written in terms of complex amplitudesA(x,y,z,t),
SL(x,y,z,t), andSNL(x,y,z,t), and a rapidly varying phase
c(z,t); that is,

E~x,y,z,t !5A~x,y,z,t !exp@ ic~z,t !#êx/21c.c., ~2a!

SL~x,y,z,t !5SL~x,y,z,t !exp@ ic~z,t !#êx/21c.c., ~2b!

FIG. 1. Schematic illustration showing filamentation of
chirped laser pulse in air. The total nonlinear indexdn, laser enve-
lope uAu, and instantaneous frequencyv in the general model are
assumed to be functions of the coordinates (x,y,z,t5t2z/vg),
wherevg is the linear group velocity of the laser pulse.
8-2
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SNL~x,y,z,t !5SNL~x,y,z,t !exp@ ic~z,t !#êx/21c.c.,
~2c!

wherec(z,t)5k0z2v0t is the phase,k0 is the carrier wave
number,v0 is the carrier frequency,êx is a transverse uni
vector in the direction of polarization, and c.c. denotes
complex conjugate. Substituting the field and source rep
sentations given by Eqs.~2! into Eq. ~1! yields

S ¹'
2 2k0

21
v0

2

c2 12ik0

]

]z
12i

v0

c

]

]t
1

]2

]z22
1

c2

]2

]t2DA~r ,t !

5SL~r ,t !1SNL~r ,t !, ~3!

where the rapidly varying phase factor has been cance
from both sides of the equation. Although the atmosphe
density is spatially varying, the wave number is taken to
constant since the maximum change in the linear refrac
index, i.e., fractional change in wave number, from sea le
to vacuum is<1024.

B. Linear source terms

The linear source amplitude can be expressed as@34#

SL~r ,t !5S v0

c D 2

(
,50

`

i ,a,~r !v0
2,

],A~r ,t !

]t, , ~4!

where,50,1,2,... . In terms of the conventional dispersi
parameters @34#, b,5],b(v)/]v,uv5v0

, where b(v)

5(v/c)@114px̂L(v)#1/25(v/c)n0(v); the coefficients
are given by

a,52
v0

,22

,!

],

]v0
, @c2b2~v0!2v0

2#, ~5!

for example,

a152F12
c2

v0
b0b1G , a2512c2~b1

21b0b2!,

and a352c2v0Fb1b21
1

3
b0b3G .

Here, x̂L(v) is the linear susceptibility of bound electron
andn0(v) is the refractive index. For the cases of interest
is sufficient to use the approximationb1'c21.

C. Nonlinear source terms

The nonlinear source amplitude is due to a number
effects, and can be written as

SNL~r ,t !5Sbound1SRaman1Splasma1Swake1Srel1Sion ,
~6!

where the individual contributions are derived in the Appe
dix. The nonlinear contribution from bound electrons, t
Kerr effect, is given by
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Sbound~r ,t !5
v0

2n0
2n2

4pc
uA~r ,t !u2A~r ,t !, ~7!

wheren2 is the electronic contribution to the nonlinear r
fractive index. The nonlinear index defines a nonlinear s
focusing powerPNL5l0

2/(2pn0n2) ~Refs.@34–37#!.
The source term due to stimulated molecular Raman s

tering is given by

SRaman~r ,t !524p
v0

2

c2 xLQ~ t !A~r ,t !, ~8!

wherexL is the linear susceptibility and the unitless Ram
oscillator functionQ(t) is determined by solving Eqs.~A9!
and~A10!. The Raman source term can also contribute to
third-order polarization field.

The plasma source term is given by

Splasma~r ,t !5
vp

2~r ,t !

c2 S 12 i
ne

v0
DA~r ,t !, ~9!

where vp(r ,t)5@4pq2ne(r ,t)/m#1/2 is the plasma fre-
quency,ne is the plasma density generated by ionization, a
ne is the electron-neutral collision frequency. Ionization r
sults in a plasma column that is localized to the laser a
The plasma column causes a local decrease in the refra
index, which can defocus the laser pulse. The term prop
tional to the electron collision frequency is responsible
the collisional absorption of laser energy, i.e., inverse bre
strahlung.

The source termSwake is due to the possible generation
plasma waves, and is given by

Swake~r ,t !5
vp

2~r ,t !

c2

dne

ne
A~r ,t !, ~10!

where dne represents a plasma density perturbation driv
by the ponderomotive force of the laser pulse, i.e., a plas
wakefield@38#. The density perturbation, determined by E
~A19! together with Gauss’s equation, results in a modu
tion of the plasma density at the plasma frequency.

The term Srel is due to relativistic effects arising from
quiver motion of plasma electrons in the field of the las
and is given by

Srel~r ,t !52
vp

2~r ,t !

4c2 S quA~r ,t !u
mcv0

D 2

A~r ,t !. ~11!

This relativistic source term defines a critical self-focusi
power due to plasma@37#, Pplasma52c(q/r e)

2n0(v0 /vp)2,
wherer e5q2/mc2 is the classical electron radius. The tot
nonlinear self-focusing power consists of contributions fro
both PNL and Pplasma and is given byPNL Pplasma/(PNL
1Pplasma), as shown in Ref.@36#. Typically, Pplasma@PNL ,
so that the nonlinear self-focusing power is due to bou
electrons and is equal toPNL .

Finally, the term describing the depletion of laser ene
due to ionization is given by
8-3



x-

ve

le

w

s
pl
e

-

n
ld
d

ed
-
ined
a-

ion-
e

ped,

nd

lin-
tions
cat-
-
a
e

el
la-
ser

ion
lf-
a
h
stan-
to be
ing

SPRANGLE, PEN˜ANO, AND HAFIZI PHYSICAL REVIEW E 66, 046418 ~2002!
Sion~r ,t !528p ik0

U ion

cuA~r ,t !u2
]ne

]t
A~r ,t !, ~12!

where U ion is the characteristic ionization energy. For e
ample, the ionization energy for O2 is 12.1 eV while for N2
it is 15.6 eV.

D. Full nonlinear three-dimensional propagation equation

Substituting Eqs.~4!–~12! into Eq. ~3! results in the fol-
lowing nonlinear propagation equation for the laser en
lope:

F¹'
2 1DK22

vp
2

c2 S 12 i
ne

v0
D12ik0

]

]z
1

]2

]z2

12i
v0

c
~12a1/2!

]

]ct
2~12a2!

]2

]c2t2

1 ia3

c

v0

]3

]c3t3GA~r ,t !

52S v0
2n0

2n2

4pc
uAu21

q2

4m2c4

vp
2

v0
2 uAu22

vP
2

c2

dne

ne

28p ik0

U ion

uAu2
]ne

]ct
14p

v0
2

c2 xLQ~ t ! DA~r ,t !, ~13!

where the summation in Eq.~4! has been limited to,<3 and
DK25(12a0)v0

2/c22k0
2.

It proves useful to transform the independent variab
from z, t to z, t, wheret5t2z/vg andvg will be set equal to
the linear group velocity of the pulse. In terms of the ne
variables the derivatives transform as]/]t→]/]t and ]/]z
→]/]z2vg

21]/]t. Under this transformation, Eq.~13! be-
comes

F¹'
2 1DK22

vp
2

c2 S 12 i
ne

v0
D12ik0

]

]z
2

2

bg

]2

]z]ct
1

]2

]z2

12i
DV

c

]

]ct
2~12bg

222a2!
]2

]c2t2

1 ia3

c

v0

]3

]c3t3GA~x,y,z,t!

52S v0
2n0

2n2

4pc
uAu21

q2

4m2c4

vp
2

v0
2 uAu22

vp
2

c2

dne

ne

28p ik0

U ion

uAu2
]ne

]ct
14p

v0
2

c2 xLQ~ t ! DA~x,y,z,t!, ~14!

whereDV5(12a1/2)v02bg
21ck0 andbg5vg /c.

The wave numberk0 and group velocityvg appearing in
Eq. ~14! are as yet unspecified. It is convenient to choo
them so that the form of the propagation equation is sim
fied. ChoosingDK50 andDV50 defines the carrier wav
number and linear group velocity, respectively, ask05(1
04641
-
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2a0)
21/2v0 /c5n0v0 /c and vg5cn0 /(12a1)5c/(n0

1v0]n0 /]v0). TakingDK5DV50, the propagation equa
tion simplifies to

F¹'
2 2

vp
2

c2 S 12 i
ne

v0
D12ik0

]

]z
2

2

bg

]2

]z]ct

2c2k0b2

]2

]c2t2 1 ia3

c

v0

]3

]c3t3GA~x,y,z,t!

52S v0
2n0

2n2

4pc
uAu21

q2

4m2c4

vp
2

v0
2 uAu22

vp
2

c2

dne

ne

18p ik0

U ion

uAu2
]ne

]ct
14p

v0
2

c2 xLQ~ t ! DA~x,y,z,t!,

~15!

where a small term (]2A/]z2) has been neglected. Equatio
~15! describes the 3D evolution of the complex laser fie
amplitudeA(x,y,z,t). The self-consistent model employe
here involves the solution of Eq.~15! along with equations
that describe the response of the medium~air! to the laser
field. In Eq. ~15!, the linear dispersion response is obtain
from Eq.~4!, while Eq.~A6! gives the nonlinear bound elec
tron response. The stimulated Raman response is obta
from Eqs.~A9!–~A11!. Plasma effects, wakefields, and rel
tivistic effects are given in Eq.~A20!; while Eq. ~A26! pro-
vides the expression for pulse energy depletion due to
ization. Finally, photoionization rates are given in th
following section.

A 3D numerical simulation based on solving Eqs.~15!
together with the medium response has been develo
which places the laser pulse on a Cartesian (x,y,t) grid,
allowing for the modeling of asymmetric pulse shapes a
laser filamentation. The laser pulse is advanced inz accord-
ing to Eq. ~15! using a split-step method@34# in which the
linear terms are advanced in Fourier space, while the non
ear terms are handled in coordinate space. The equa
describing ionization, wakefield generation, and Raman s
tering are solved at eachz step by a fourth-order Runga
Kutta integration. To facilitate computation of the plasm
wakefield, the termc2

“3“3Ew has been neglected and th
approximation“'“'2(êz /vg)(]/]t) has been made in
Eq. ~A19! and in using Gauss’s equation.

III. IONIZATION, FILAMENTATION,
AND WHITE LIGHT GENERATION

In the following sections we use the theoretical mod
presented in the previous section to analyze ionization, fi
mentation, and spectral broadening of short, intense la
pulses in air. The analyses of optical filament propagat
and white light generation consist of substituting a se
similar form for the solution of the complex amplitude into
reduced version of Eq.~15!, and obtaining equations for suc
quantities as the laser spot size, phase, curvature, and in
taneous frequency. While these analyses are not meant
rigorous, they can provide some quantitative understand
of the processes considered.
8-4
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A. Photoionization

The free-electron density in air can change because
ionization, recombination, and attachment processes.
rate equation for electron densityne is

]ne

]t
5Wnn2hne2b rne

2, ~16!

wherenn is the neutral gas density,W is the photoionization
rate,h is the electron-attachment rate coefficient, andb r is
the recombination coefficient. For the laser pulses of inte
here, which have durations of;1 psec or less, recombinatio
and attachment processes play a negligible role in the pr
gation of a single pulse@39,14#.

For short laser pulses, free electrons are generated
multiphoton and tunneling processes; avalanche ionizatio
not significant. The principal constituents of air are nitrog
and oxygen, and hence the total photoionization rate can
written approximately asW50.8WN2

10.2WO2
, correspond-

ing to the proportion of N2 and O2 molecules in normal
atmosphere. For either one of these species, the ioniza
rate takes different forms according to the value of
Keldysh parametergK @40#, i.e.,

gK52.313106S U ion@eV#

~l2@mm# !~ I @W/cm2# ! D
1/2

, ~17!

whereU ion is the ionization energy. The value of the Keldy
parameter identifies the multiphoton (gK@1) and the tunnel-
ing (gK!1) regimes.

In the multiphoton~mp! regime, the ionization rate is@41#

Wmp5
2pv0

~,21!! S I ~r ,z,t!

I mp
D ,

, ~18!

whereI (r ,z,t) is the intensity,I mp5\v0
2/smp, andsmp is a

cross section determined empirically@25,42# to be equal to
6.4310218 cm2 for short pulses. The characteristic mul
photon ionization intensity for al51 mm laser pulse is
I mp55.831013 W/cm2. The integer, denotes the minimum
number of photons needed for ionization, i.e.,,
5Int@U ion /\v011#.

An electron, however, can absorb more photons tha
necessary for multiphoton ionization. This process is refer
to as above-threshold ionization~ATI ! @43#. In ATI, when the
electron absorbss., photons, it enters a continuum sta
with an excess energy of (s2,)\v0 . This excess energy i
manifested as oscillatory and ponderomotive motion of
ionized electron. For sufficiently high intensities, the co
pling of these continuum states can become important.
was first observed by Agostini@44# who reported the occur
rence of several distinct peaks in the electron energy s
trum separated from one another by the photon energy. In
traditional theoretical description, ATI is treated as a tw
stage process consisting of the ionization stage and
above-threshold stage@45#. The above-threshold stage
characterized by an electron that is only weakly influenc
by the atomic potential, so that its motion is dominated
the laser field. Quantum mechanical solutions of this inter
04641
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tion are based on Volkov states, which are the exact solut
describing a free electron~in vacuum! interacting with an
oscillating electromagnetic field@46#.

Although the ATI process is inherently quantum mecha
cal, certain aspects have classical interpretations@47#. When
the number of photons per cubic wavelength is much gre
than unity, the laser field can be described classically. A
since the laser electric field is oscillatory, an electron w
undergo oscillatory motion with a time-averaged kinetic e
ergy Eosc5q2uAu2/4mv0

2. The energy associated with th
electron oscillation should be much greater than the pho
energy\v0 for the classical description to apply. For th
parameters of interest, i.e.,I;1014 W/cm2, l;1 mm, the
number of photons in a cubic wavelength isNphoton
5Il3/\v0c;231010 and the oscillation energy is;10 eV,
i.e., ;eight times larger than the photon energy\v0
;1.2 eV. Hence, for the parameters of interest, certain
pects of ATI can be accounted for classically, such as
enhanced energy gain of the ionized~free! electrons. Other
characteristics, however, such as the quantization of the e
tron energy, cannot be described classically.

In our model, the energy depleted from the laser pulse
to the ATI process is accounted for classically. For examp
retaining only the mixed derivative term and terms descr
ing the linear plasma response and plasma wakefield,
propagation equation@Eq. ~15!#, reduces to 2ik0(]A/]z)
'@12( i /v0)(]/]t)#@(vp

2/c2)(11dne /ne)A#. The reduced
propagation equation results in an equation for energy c
servation given by ](uAu2/8p)/]z52Ne(]Eosc/]ct)
22Eosc(]Ne /]ct), whereNe5ne1dne . The first term on
the right-hand side accounts for laser energy that is c
verted to electron oscillatory motion. This term indicates th
laser energy is converted to electron kinetic energy at
front of the pulse, while at the back of the pulse the oscil
tory kinetic energy is converted back to laser energy. T
second term on the right-hand side, in the absence of ion
tion, accounts for the energy lost due to the ponderomo
excitation of plasma wakefields.

In the tunneling regime, the time-averaged ionization r
for a linearly polarized laser pulse is@40#

Wtun54a tunV0S U ion

UH
D 7/4S I H

I D 1/4

expF2
2

3 S U ion

UH
D 3/2S I H

I D 1/2G ,
~19!

whereV054.131016 sec21 is the fundamental atomic fre
quency,I H53.631016 W/cm2, andUH513.6 eV is the ion-
ization energy of hydrogen. Finally, since the peak laser
tensity in a guided filament is typically;1013 W/cm2, the
ionization process is neither purely multiphotonI
,1012 W/cm2) nor tunneling (I .1014 W/cm2). In the inter-
mediate (gK;1) regime, an analytical fit is employed, ha
ing the formWx5axI

@k11k2 ln(I)#. In the expressions for the
ionization rates,a tun, smp, ax , k1 , andk2 are fitting con-
stants chosen to match the experimental measurements
an example, Fig. 2 is a plot of the ionization rate vers
intensity for a laser wavelength of 0.8mm. The fitting con-
8-5
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stants for this plot are chosen to reproduce the experim
tally measured short-pulse ionization rate reported in R
@25# and @42#.

B. Filamentation in neutral air

Perturbations or hot spots on the intensity profile o
laser beam can grow as a result of a filamentation instab
Filamentation, i.e., transverse breakup, of a laser beam is
to the interplay between diffraction and nonlinear se
focusing. Consider a laser beam propagating in a neutral
for which the nonlinear focusing power isPNL and the trans-
verse laser intensity profile is slightly perturbed by a sm
localized hot spot. The spatial growth rate of this pertur
tion due to the filamentation instability@37,48# is given by

G5
l

px'
S 3pI

PNL
2

1

x'
2 D 1/2

, ~20!

where I is the laser intensity andx' is the characteristic
transverse dimension of the filament, i.e., spot size. A
function of the dimension of the filament, the growth ra
vanishes forx'<xmin[@PNL /(3pI )#1/2, reaches a maximum
equal toGmax53lI/(2PNL) at x'5&xmin , and decreases in
versely with x' as x'→`. At maximum growth rate the
power within the filament is roughly equal toPNL . It is
therefore expected that a laser beam with a powerP will
break up intoN filaments whereN<P/PNL . As an example,
the nonlinear focusing power associated with air for a 1-mm
wavelength,;1-nsec-duration laser is in the range of;3
GW (n2;5.6310219 cm2/W) @49#; therefore a 100-GW la-
ser pulse may eventually breakup into a few tens of fi
ments.

C. White light generation

The nonlinear interaction of an intense, short laser pu
in the atmosphere can result in significant spectral broad
ing due to self phase modulation. The phase of the laser
becomes modulated through the time-dependent refrac
index by nonlinear effects, ionization, Raman processes,
Although 3D effects also play an important role in spect
broadening, a 1D analysis is useful. The solution of the la
pulse propagation equation in 1D has the formA(z,t)
5B(z,t)exp@iu(z,t)#, where the amplitudeB and phaseu are

FIG. 2. Dependence of ionization rate on laser intensity. Das
lines delineate approximate tunneling (gK,0.5) and multiphoton
(gK.5) ionization regimes.
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real functions ofz andt. The instantaneous frequency of th
pulse on axis can be defined as

v~z,t!5v02
]u~z,t!

]t
. ~21!

To determine]u/]t we rewrite the full nonlinear propaga
tion equation in Eq.~15! in the form

2ik0

]A

]z
52@n2~z,t!2n0

2#
v0

2

c2 A, ~22!

wheren(z,t) is the index of refraction in configuration spac
variables. For the present purposes, only the terms con
uting to the index of refraction from bound electrons@Eq.
~7!#, Raman scattering@Eq. ~8!#, and the plasma@Eq. ~9!#
will be retained. The bound electron and Raman contri
tions are given in Eq.~A15! while the plasma contribution to
the index is2vp

2(z,t)/2n0v0
2. The nonlinear index can be

written as

dn5n~z,t!2n05dnbound1dnRaman1dnplasms,

that is,

dn~r ,t!5n2I ~r ,t!2nRE
2`

t

dt8W~t8!R~t2t8!I ~r ,t8!

2vp
2~z,t!/2n0v0

2, ~23!

wherenR is the Raman contribution to the nonlinear ind
for long pulses,W(t) is the population inversion variable
and

R~t!5S vR
21G2

2

vR
De2G2t sin~vRt! ~24!

is the Green’s function for the Raman process normali
such that*0

`dtR(t)51, vR is the characteristic Raman fre
quency, andG2 is a phenomenological damping rate~see the
Appendix for the details!. In the remainder of the paper w
will assume negligible population inversion,W(t)'21. To
obtain the instantaneous frequency along the pulse, we
stitute the representation of the complex amplitudeA into
Eq. ~22!, with the result

]u

]z
'

v0

c
dnr~z,t!, ~25a!

] ln~B!

]z
'2

v0

c
dni~z,t!, ~25b!

wherednr(dni) is the real~imaginary! part of dn, which is
assumed small compared to unity. The instantaneous
quency spread along the pulse is given by Eq.~21!, together
with Eq. ~25a!,

dv~z,t!5v~z,t!2v052
v0

c E
0

z ]dnr~z8,t!

]t
dz8.

~26!

d
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Note that only the nonlinear terms in the refractive index w
create new frequencies and the linear terms redistribute
frequencies within the pulse. The instantaneous freque
spread isdv5dvbound1dvRaman1dvplasma, that is,

dv~z,t!5S 2n2

]I

]t
1nRE

0

t

dt8W~t8!
]R~t2t8!

]t
I ~r ,t8!

1
1

2n0v0
2

]vp
2

]t D v0z

c
, ~27!

whereI 5cn0B2/8p is the intensity.
As an example, consider a laser pulse with wavelen

l50.775mm, amplitude A(z,t)5A8pI 0 /c sin(pt/tL) for
0<t<tL ~and zero otherwise!, peak intensity I 055
31013 W/cm2, and pulse durationtL5500 fsec propagating
in air. For the short-pulse regime, the bound electron
Raman effects are assumed to have the numerical valuen2
5nR53310219 cm2/W, vR51.631013 sec21, and G2
51.331013 sec21 @50#. For the plasma term, the domina
ionization mechanism is taken to be multiphoton ionizat
of O2 , so that the ionization rate is given by Eq.~18!, with
,58, for l50.775mm.

For these parameters, Fig. 3~a! plots the individual contri-
butions todn, given by Eq.~23!, due to bound electrons
Raman scattering, and plasma. Bound electron effects
duce an increase in the refractive index that is proportiona
the laser intensity, while the generation of plasma causes
refractive index to decrease from the front of the pulse to
back. The Raman response causes an increase in the re
tive index at the front and peak of the pulse and a decreas

FIG. 3. ~a! Variations of the nonlinear refractive index due
bound electrons, Raman effects, and plasma generation, as giv
Eq. ~23! versus pulse timet5t2z/vg , for a laser pulse with wave
lengthl50.775mm, peak intensityI 05531013 W/cm2, and pulse
duration tL5500 fs. ~b! Total nonlinear refractive index~solid
curve!, i.e.,dnbound1dnRaman1dnplasma, and laser intensity~dashed
curve! versust.
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the back. The sum of the individual contributions to the
fractive index, plotted in Fig. 3~b!, shows that for these pa
rameters, the variation of the refractive index is of the ord
1025.

Figure 4~a! plots the normalized instantaneous frequen
shifts due to bound electrons, stimulated Raman scatter
and plasma after propagating for 50 cm in air. For the
parameters the variation in the frequency shifts due to
various effects are comparable in magnitude. The bo
electrons produce a redshift at the front of the pulse an
blue shift at the back, while ionization produces a blue sh
across the entire pulse. Stimulated Raman scattering
duces a red shift near the front of the pulse and a blue shi
the back. The net frequency shift, i.e., the sum of the bou
electron, plasma, and Raman contributions, plotted in F
4~b!, shows a 10% redshift at the front of the pulse and
larger 40% blue shift at the back.

IV. SELF-GUIDED PROPAGATION OF AN IONIZING
LASER PULSE

In this section, long-range propagation of an ionizing
ser filament in air is considered. The propagation distanc
a laser pulse in air is limited by a number of processes. T
fundamental laser pulse propagation mechanisms that ca
principle, result in extended propagation distances are~i!
moving foci and~ii ! self-guiding. In the moving foci mecha
nism the focal length depends on laser power through
optical Kerr effect, and different temporal slices of the las
pulse focus at different distances@51,52#. This can give the
illusion of extended propagation. However, only an infin

by
FIG. 4. ~a! Instantaneous frequency shift, Eq.~27!, due to bound

electrons, Raman effects, and plasma versus pulse timet5t
2z/vg after propagating 0.5 m in air. A laser pulse with waveleng
l50.775mm, peak intensityI 05531013 W/cm2, and pulse dura-
tion tL5500 fs is assumed.~b! Total frequency shift~solid curve!,
i.e., dvbound1dvRaman1dvplasmaand laser intensity~dashed curve!
versust.
8-7
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tesimal fraction of the laser energy is propagated over
tended distances. In the self-guiding mechanism, exten
propagation distances can be obtained by balancing the
focusing effects of diffraction and plasma formation agai
nonlinear atomic focusing, i.e., Kerr effect. In self-guidin
losses such as ionization can deplete the laser pulse en
and significantly limit the propagation distance, as sho
below.

The process of ionization and optical filament propagat
can be analyzed by retaining diffraction, the nonlinear refr
tive index, plasma effects, and laser pulse energy deple
due to ionization in Eq.~15!, i.e.,

S ¹'
2 12ik0

]

]z
1guA~r ,z,t!u22

vp
2~z,t!

c2

1
8p ik0

c

U ion

uAu2

]ne

]t DA~r ,z,t!50, ~28!

whereg5v0
2n0

2n2/4pc.

A. Source-dependent expansion method

The following analysis of Eq.~28! is based on the source
dependent expansion~SDE! method that was originally de
veloped in Ref.@53#. In the SDE formulation, a reduce
wave equation of the general form

S ¹'
2 12ik0

]

]zDA~r ,z,t!5M ~r ,z,t!A~r ,z,t! ~29!

is solved by a variation of parameter technique wh
M (r ,z,t) is a known nonlinear function ofA(r ,z,t). The
complex electric field amplitude is given by

A~r ,z,t!5B~z,t!exp@ iu~z,t!#

3exp$2@11 ia~z,t!#r 2/R2~z,t!%, ~30!

whereB is the field amplitude,u is the phase,R is the spot
size, anda is related to the curvature of the wave front. T
quantitiesB, u, R, anda are real functions ofz andt. Using
the SDE method, a set of self-consistent coupled equat
for the pulse amplitudeB(z,t), phaseu(z,t), curvature
a(z,t), and spot sizeR(z,t), can be derived. Applying the
SDE method, we find

1

BR

]~BR!

]z
5Fi , ~31a!

]u

]z
1

~11a2!

k0R2 1
a

R

]R

]z
2

1

2

]a

]z
52Fr , ~31b!

1

R

]R

]z
1

2a

k0R2 52Gi , ~31c!

1

2

]a

]z
1

~11a2!

k0R2 52Gr2aGi , ~31d!
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where the subscripts~r, i! denote the real and imaginary par
of the function, respectively. The details of a related deri
tion using the SDE method can be found in Ref.@54#. The
complex functionsF andG used in Eqs.~31! are given by

F~z,t!5
1

2k0
E

0

`

d~2r 2/R2!M ~r ,z,t!exp~22r 2/R2!,

~32a!

G~z,t!5
1

2k0
E

0

`

d~2r 2/R2!M ~r ,z,t!~122r 2/R2!

3exp~22r 2/R2!. ~32b!

Equations~31! can be combined to give an equation for t
pulse power and spot size,

1

P

]P

]z
52Fi , ~33a!

]2R

]z2 2
4

k0
2R3 ~11k0R2Gr !1S 2

]R

]z
1RGi DGi1R

]Gi

]z
50,

~33b!

whereP(z,t)5cR2B2/16 is the laser power. For the prese
problem, we find from Eq.~28! that

M ~r ,z,t!52guA~r ,z,t!u21
vp

2~r ,z,t!

c2

2
8p ik0

c

U ion

uAu2

]ne~r ,z,t!

]t
. ~34!

Since the multiphoton ionization rate is proportional to t
laser intensity to the power of,, Eqs.~16! and~18! indicate
that the radial dependence of the plasma density is given
ne(r ,z,t)5ne0(z,t)exp(22,r2/R2). Substituting Eq. ~34!
into Eqs.~32! gives

F~z,t!5
1

2k0
S 2

g

2
B21

1

,11

vp0
2

c2 2 i
8pk0

c

1

,

U ion

B2

]ne0

]t D ,

~35a!

G~z,t!5
1

2k0
S 2

g

4
B21

,

~,11!2

vp0
2

c2

2 i
8pk0

c

~,21!

,2

U ion

B2

]ne0

]t D . ~35b!

Finally, substituting Eqs.~35! into Eqs.~33!, the laser pulse
power and spot size are found to be given by

]P

]z
52

p

2
U ion

R2

,

]ne0

]t
~36a!

and
8-8
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]2R

]z2 2
4

k0
2R3 S 12

P

PNL
1

2p,

~,11!2 r eR
2ne0D

52
~,21!

2,

1

R3 H R2
]

]z S R2

P

]P

]z D1
~,21!

2, S R2

P

]P

]z D 2J ,

~36b!

where PNL5c/2g5l2/(2pn2) is the nonlinear focusing
power,, is the number for photons needed for multiphot
ionization,U ion is the ionization energy,ne0(z,t) is the elec-
tron density on axis generated by photoionization, the lin
index has been set equal to unity (n051), andr e5q2/mc2

52.8310213 cm is the classical electron radius. Note th
the 1/, dependence of the power loss in Eq.~36a! is due to
the fact that the radius of the plasma channel isR/A2, for
multiphoton ionization. The 1/, dependence of Eq.~36a! is
also apparent from energy conservation considerations.
energy lost by the laser pulse due to multiphoton ionizat
in propagating a distanceDz is given approximately by
DW5(ne0DzpR2/2,)U1 , and taking a derivative with re
spect to time leads to Eq.~36a!.

The on-axis electron density generated by multipho
ionization is given by Eq.~25! ~evaluated atr 50),

]ne0

]t
5Wmp~r 50!nn5

2pv0

~,21!! S I

I mp
D ,

nn , ~37!

where I (z,t)52P/(pR2) is the intensity on axis. Equatio
~36a! indicates that the laser power decreases as a functio
propagation distance in the presence of ionization since
ergy is expended in ionizing the air. The quantity on t
right-hand side of the equation for the spot size, Eq.~36b!,
represents the effects of energy loss due to ionization
indicates that a matched, self-guided filament, is not p
sible. The single-photon ionization case (,51) is a special
situation. The right-hand side of Eq.~36b! vanishes, since the
ionization term in Eq.~28! is independent ofr for ,51, and
the ionization process does not affect the focusing prope
of the pulse.

B. Self-guiding condition

An approximate equilibrium of the filament’s spot siz
can be found when the energy depletion due to ionizatio
low. Neglecting ionization on the right-hand side of E
~36b! and taking]R/]z50 gives an approximate equilib
rium condition in terms of the filament power, spot size, a
on-axis electron density,

Peq~t!5PNLS 11
2p,

~,11!2 r eReq
2 ~t!ne0~t! D , ~38!

where the subscript eq denotes the equilibrium value.
electron density dependence can be removed by differen
ing Eq.~38! with respect tot and using Eq.~37!. The result-
ing equilibrium condition is in terms of a differential equ
tion
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]t
S P̃~t!21

R̃2~t!
D 5V ion

P̃,~t!

R̃~t!2,
, ~39!

whereP̃(t)5Peq(t)/PNL , R̃(t)5Req(t)/Req(0), and

V ion5
p

~,11!2

,

~,21!!

vn
2

c2 Req
2 ~0!S PNL

pReq
2 ~0!I mp/2

D ,

v0 ,

~40!

wherevn5(4pq2nn /m)1/2. Since there is no plasma at th
head of the pulse to counteract self-focusing, the initial c
dition on the power isP̃(0)51. Consider a particular set o
examples for which the spot size is taken to vary linea
from the front of the pulse to the back, i.e.,R̃(t)51
1«t/tR . Figure 5 plots solutions of Eq.~39!, i.e., power
versust for several values of« corresponding to cases i
which the spot size is increasing, constant or decreasing
t. The laser wavelength is taken to bel50.775mm, PNL
51.7 GW, and multiphoton ionization of O2 is assumed, i.e.
,58. To counteract plasma defocusing, the laser power m
increase witht to maintain equilibrium. For these param
eters, the variation of the power along the pulse is the sm
est for the constant spot size example.

C. Pulse energy depletion due to ionization and maximum
propagation distance

The rate of change of laser pulse energy can be found
integrating Eq.~36a! over the pulse length,

]Epulse

]z
52

p

2

U ion

, E
0

tL
dtR2

]ne0

]t
, ~41!

whereEpulse(z)5*0
r LdtP(z,t) is the pulse energy andtL is

the pulse duration. Equation~41! can be approximately
evaluated by taking the laser spot size to be nearly cons
i.e., independent oft, and using the approximate equilibrium
condition in Eq.~38!,

FIG. 5. Dependence of normalized laser power on pulse t
t5t2z/vg , for the equilibrium described by Eq.~39!. The spot
size variation is assumed to have the formR(t)/Req511et/tR ,
with tR5120 fsec andReq550mm. The laser pulse has waveleng
l50.775mm. Multiphoton ionization of O2 (,58 for l
50.775mm) andPNL51.7 GW are assumed.
8-9
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]Epulse

]z
'2

U ion

4r e

~,11!2

,2 S P~tL!

PNL
21D . ~42!

The energy loss rate is independent of the number of pho
needed to ionize the air molecules when, is large. The maxi-
mum distance a pulse can propagate (Lmax) can be estimated
by assuming that all the pulse energy goes into ionizing
air,

Lmax;
4r e

U ion

,2

~,11!2

Epulse~0!

~P/PNL21!
, ~43!

whereEpulse(0) is the initial laser pulse energy. In principl
extended propagation or self-guiding is possible only wh
the laser pulse power is approximately equal to~but slightly
greater than! the nonlinear focusing power, which~for air! is
PNL'2 GW.

D. Propagation of an ionizing laser pulse

Equations~36! are solved numerically to illustrate an e
ample of high-intensity pulse propagation in air. We consi
a laser pulse with wavelengthl50.775mm and a uniform
initial spot sizeR0550mm, which corresponds to a Ray
leigh length ofZR5pR0

2/l'1 cm. The initial intensity at
the front of the pulse isI 0(t50)54.331013 W/cm2. In cal-
culating the ionization rate, we assume multiphoton ioni
tion of O2 so that,58, l50.775mm, andU ion512.1 eV.
The initial power profile is chosen to correspond to an eq
librium given by Eq.~38!. The equilibrium power profile is
perturbed by a 0.1% amplitude modulation, and its evolut
shown in Fig. 6. For the first ten Rayleigh lengths, power
depleted uniformly throughout the pulse by ionization.
the back of the pulse is defocused by the presence of pla
the intensity drops and ionization ceases. The front of
pulse remains focused and continues to ionize and lose
ergy. This leads to a localized depletion of power at the h
of the pulse, which is evident in the power profile atz
540ZR . For z.40ZR , the pulse intensity decreases to
level where energy losses and defocusing due to ioniza

FIG. 6. Solutions of the power and spot size equations, E
~36!, showing power profiles versus pulse timet5t2z/vg at dif-
ferent propagation distances. The power profile atz50 is an equi-
librium described by Eq.~38!. For the initial laser pulse,l
50.775mm, I 0(t50)54.331013 W/cm2, T05120 fsec, R0(t)
550mm, i.e., an initially uniform spot size, and Rayleigh leng
ZR5pR0

2/l51 cm. Multiphoton ionization of O2 (,58 for l
50.775mm) andPNL51.7 GW are assumed.
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become negligible. The result is that the power profile
mains relatively unchanged forz.40ZR . The spot size and
intensity, however, continue to evolve.

Figure 7 shows the evolution of the laser spot size at th
different locations within the pulse, i.e., the front (t50),
within the body of the pulse (t512 fsec), and at the bac
(t5120 fsec). The spot size remains relatively const
throughout the pulse for the first ten Rayleigh lengths
propagation before the equilibrium is lost. Atz510ZR , the
front and back of the pulse start to diffract. The spot size
the back increases at a faster rate due to the initial defocu
caused by the plasma. However, the portion of the pu
aroundt512 fsec maintains at a constant spot size for o
200 Rayleigh lengths before diffracting.

Figure 8 shows a shaded contour plot of the on-axis la
intensity as a function oft and z. The initial laser pulse at
z50 spans the length of the plot. The defocusing of the fr
and back leads the formation of a very short pulse~;5 fsec!
in the first ;80 Rayleigh lengths of propagation. Howeve
other mechanisms that are not included in the reduced S

s.
FIG. 7. Normalized spot size versus propagation distance

three different times within the pulse (t50, 12, 120 fsec!, for the
same parameters as in Fig. 6. The portion of the pulse arount
512 fsec maintains a relatively constant spot size for over 2
Rayleigh lengths.

FIG. 8. Level plot of intensity versus pulse timet5t2z/vg and
normalized propagation distancez/ZR for the laser pulse of Figs. 6
and 7. A very short pulse of length'5 fsec with powerP'PNL

is generated atz'80ZR , and propagates for'150ZR before
diffracting.
8-10
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equations, e.g., group velocity dispersion, will affect t
propagation of such short pulses. This short pulse, whic
characterized byP;PNL , propagates for an additiona
150ZR before diffracting. This short pulse generation proce
resembles the relativistic guiding and pulse shorten
schemes proposed in earlier works@55,56#, except that here
ionization contributes to the defocusing, and guiding is
complished through the Kerr effect associated with bou
electrons.

V. COMPRESSION AND FOCUSING OF LASER PULSES
IN AIR

In this section the theoretical model together with sim
lations are used to study longitudinal and transverse c
pression and ionization of chirped laser pulses in the at
sphere. A low-intensity chirped laser pulse propagating in
can compress longitudinally due to linear group velocity d
persion and focus transversely due to nonlinear effects.
optimally chosen parameters, the longitudinal, transve
and focal distances can be made to coincide, resulting
rapid intensity increase and ionization near the focal reg
This scheme for remote ionization is illustrated schem
cally in Fig. 9.

The propagation of the high-intensity laser pulse near
focal region is markedly different from its propagation f
from focus, where the intensity is low. In the following su
sections we consider separately the low-intensity propa
tion regime, where ionization and Raman processes are
important, and the propagation near focus, where the l
intensity becomes so sufficiently high that ionization occu
In the low-intensity regime, a coupled set of equations
the laser spot size and pulse length are derived. Nume
solutions of the coupled equations are compared with the
numerical 3D simulation in the low-intensity regime. Prop
gation near focus, in the high-intensity regime, is examin
using the full 3D numerical simulations.

The simulations model the propagation of;100-fsec
pulses with l50.775mm and intensities as large a
;1013 W/cm2. The dominant plasma generation mechani
is the multiphoton ionization of O2 , which although less
abundant than N2, has a lower ionization energy. The ion
ization rate given by Eq.~18! with ,58 agrees well with the
ionization rate plotted in Fig. 2 over the intensity range
1012– 1014 W/cm2. The parameters used in modeling the r
tational Raman response are the short-pulse parameters
in the Appendix, i.e., rotational frequencyvR51631012

FIG. 9. Schematic illustration of the simultaneous transve
and longitudinal compression of a chirped laser pulse due to n
linear self-focusing and group velocity dispersion in air.
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sec21, damping rateG251.331013 sec21, and nR'n253
310219 cm2/W. The group velocity dispersion~GVD! pa-
rameter isb252.2310231 sec2/cm, and higher-order disper
sion has been neglected. For the range of intensities
pulse durations examined, the effects of collisional ioniz
tion, recombination, and plasma wakefields are not impor
and have also been neglected. For a typical plasma densi
1016 cm23, peak intensityI;1014 W/cm2, pulse duration
tL;100 fsec, and laser wavelengthl50.775mm, the ratio
of the pulse duration to the plasma period isvptL/2p
;0.1; and the density perturbation associated with the wa
field is of the orderdne /ne;1025. A brief discussion of the
numerical methods used in the simulation is found at the
of Sec. II.

A. Low-intensity propagation regime

If the laser intensity is sufficiently low, the effects of ion
ization and Raman scattering will not be important and
propagation equation in a spatially varying atmospheric d
sity, i.e., Eq.~15!, reduces to

F¹'
2 12ik0

]

]z
2c2k0b2~z!

]2

]c2t2

1g~z!uA~r ,z,t!u2GA~r ,z,t!50. ~44!

In writing Eq. ~44!, higher-order dispersion has been n
glected. The spatial variation of the atmosphere is taken
account mainly through thez dependence of the group ve
locity dispersion coefficientb2(z) and the nonlinear refrac
tive indexn2(z), both of which are proportional to the neu
tral density. In principle, the wave numberk0 is also
dependent on the neutral density, but is taken to be cons
since the fractional change ink0 is less than;1024, as
noted in the discussion of Eq.~3!.

Equation~44! can be solved numerically; however, a si
nificant simplification of the equation is possible by assu
ing that the evolution of the laser pulse is self-similar. Th
is, we assume that the pulse is described by an analy
form that depends on certain spatially dependent parame
such as the spot size and pulse duration of the laser pu
With this assumption, a set of simplified coupled equatio
can be derived for the evolution of the spot size, pulse du
tion, amplitude, and phase of the laser field. Assuming t
the laser pulse has a Gaussian shape in both the trans
and longitudinal directions, the complex amplitude can
written as

A~r ,z,t!5B~z!eiu~z!e2@11 ia~z!#r 2/R2~z!e2@11 ib~z!#t2/T2~z!,
~45!

whereB is the field amplitude,u is the phase,R is the spot
size,a is related to the curvature of the wave front,T is the
laser pulse duration, andb is the chirp parameter. The quan
tities B, u, T, R, a, b are real and functions of the propag
tion distancez. The instantaneous frequency spread along
pulse, i.e., chirp, isdv(z,t)52b(z)t/T2(z), whereb,0
(.0) results in a negative~positive! frequency chirp, i.e.,
frequency decreases~increases! towards the back of the

e
n-
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pulse. The full frequency chip along the pulse from front
back, i.e., fromt52T to T, is dv full54b/T.

Substituting Eq.~45! into Eq.~44!, one obtains an identity
in the variablesr andt. Equating the like powers ofr andt,
the following coupled equations forR andT are obtained:

]2R

]z2
5

4

k0
2R3 S 12

E0

P̃NL

1

TD , ~46a!

]2T

]z2
5

4b2

k0

E0

P̃NL

1

R2T2
1

4b2
2

T3
1

1

b2

]b2

]z

]T

]z
, ~46b!

whereE05PT is proportional to the laser pulse energy a
is independent ofz, P(z)5pR(z)2I (z)/2 is the laser power
I (z)5cn0B2(z)/8p is the intensity,P̃NL5PNL/4 is the effec-
tive self-focusing power, andPNL5l0

2/2pn0n2 defines the
usual self-focusing power. The method used to obtain E
~46! involved equating powers ofr and t ; a more rigorous
derivation involving the source-dependent expansion met
@53# would result in P̃NL being equal toPNL . Hence, in
numerical solutions of Eqs.~46! we setP̃NL5PNL . The first
term on the right-hand side of Eq.~46a! describes vacuum
diffraction while the second term describes nonlinear s
focusing, i.e., due ton2 . Nonlinear self-focusing dominate
diffraction whenP.PNL . The curvature parameter, chirp
phase, and energy evolve according to

a~z!52
k0R

2

]R

]z
, ~47a!

b~z!5
T

2b2

]T

]z
, ~47b!

]u

]z
52

2

k0R2
1

b2

T2
1

1

k0R2

P

P̃NL

, ~47c!

]E0

]z
50, ~47d!

respectively. Equation~47b! indicates that the pulse energy
conserved.

The general expression for the Fourier transform of
pulse amplitude is

Ã~r ,z,v!5E
2`

`

dtA~r ,z,t!exp~ ivt!.

Using Eq. ~45! we find that the Fourier pulse spectrum
given by

S~v!;expS 2
T2~z!v2

4@11b2~z!# D . ~48!

The full Fourier spectral width at 1/e of the amplitude is
04641
s.

d

f-

e

Dv~z!5
4@11b2~z!#1/2

T~z!
, ~49!

whereb(z) is given by Eq.~47b!. Using Eq.~47b! the in-
stantaneous frequency spread,dv(z,t)52b(z)t/T2(z), be-
comes

dv~z,t!5
t

b2T~z!

]T~z!

]z
. ~50!

Thus the frequency chirp vanishes along the entire pu
when the pulse length reaches a minimum.

For a spatially uniform neutral density and in the absen
of nonlinear effects, i.e.,n250, the solution of Eq.~46b! is
@34#

T~z!5T0F S 11b0

z

ZT
D 2

1S z

ZT
D 2G1/2

, ~51!

and the chirp parameter is

b~z!5
T

2b2

]T

]z
5

1

2b2

T0
2

ZT
Fb01~11b0

2!
z

ZT
G , ~52!

whereT05T(0), b05b(0), andZT5T0
2/2ub2u is the group

velocity dispersion length. Substituting Eqs.~51! and ~52!
into Eq. ~49! yields Dv54(11b0

2)1/2/T0 , which indicates
that for a linear atmosphere the Fourier spectral width
constant. In the absence of nonlinear effects, a minim
pulse length ofT0 /(11b0

2)1/2 is reached atz/ZT52b0 /(1
1b0

2), provided the chirp parameter is initially negativ
b0,0.

In the limit that the pulse length does not change app
ciably, it can be shown from Eq.~46a! that the variation of
the spot size with propagation distance is given by

R~z!5R0F122a0

z

ZR0

1S a0
22

P

P̃NL

11D S z

ZR0
D 2G 1/2

,

~53!

where ZR05k0R0
2/2. Equation ~53! shows that whenP

. P̃NL , the spot size goes to zero in a distance

z/ZR05
a06A~P/ P̃NL!21

12~P/ P̃NL!1a0
2

, ~54!

where the6 sign is chosen so thatz is positive.
We compare the solutions of Eqs.~46! and ~47! with the

full numerical simulation. In the present example, propa
tion through a uniform air density is considered. The init
laser pulse atz50 is described by Eq.~45! with l
50.775mm, R051 cm, T050.66 psec, andb05220 ~a
negative chirp withudv full /v0u'0.05),a050 ~a collimated
pulse!, and initial peak intensityI 05109 W/cm2. In numeri-
cally solving Eqs.~46!, the nonlinear index of air is taken t
be n256310219 cm2/W, which is larger than the experi
mentally measured value of 3310219 cm2/W @50#. This was
8-12
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done in order to approximate the inclusion of Raman effe
into the nonlinear refractive index. Raman effects can
crease the nonlinear refractive index by an amount equa
the bound electron contribution, e.g., see Fig. 4. For th
parameters, the focal distance for both longitudinal a
transverse compression is expected to be;0.5 km, based on
Eqs. ~46!. For the full simulation, which includes Rama
effects, we take the nonlinear bound electron index to
n253310219 cm2/W, so thatP/PNL;0.5 initially.

Figures 10~a! and 10~b! show the evolution of the lase
spot and pulse duration as the focal point is approached.
pulse length decreases almost linearly withz by a factor of
;10 from z50 to ;0.49 km. The spot size decreases a
slower rate fromz50 to 50.4 km and then falls rapidly ove
the last 0.1 km from focus. The corresponding evolution
the peak intensity is shown in Fig. 10~c!. The intensity in-
creases relatively slowly over most of the propagation pa
gaining a factor of;10 over a distance of 0.4 km, and the
increases rapidly by a factor of.30 in a distance of;0.1
km. The reduction in the spot size due to nonlinear s
focusing fromz50.4 to 0.49 km is mainly responsible fo
the enhanced intensity gain observed near the focal po

FIG. 10. Variation of~a! laser spot size,~b! pulse duration, and
~c! peak intensity, fromz50 to 0.49 km, for a laser pulse with
initial valuesR051 cm, T050.66 psec,b05220, anda050. The
initial peak intensity isI 05109 W/cm2 (P0 /PNL50.94). Solid
curves denote solutions of the envelope equations, i.e., Eqs.~46!.
Points in panels~a! and~b! and the dashed curve in panel~c! denote
full scale simulation results.
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The results of the full simulation, denoted by the points
Figs. 10~a! and 10~b! and the dashed curve in Fig. 10~c!, are
in good agreement with the solution of Eqs.~47!. Figure 11
shows surface plots of the distribution of laser intensity w
t and transverse coordinatex at z50 and near focus atz
50.49 km obtained from the full simulation. The laser pul
focuses both longitudinally and transversely such that
peak laser intensity atz50.49 km is ;331011 W/cm2,
which is a factor of 300 larger than the initial intensity; no
the change of scale between Figs. 11~a! and 11~b!.

B. High-intensity propagation regime

When the laser pulse is sufficiently intense,;1013 W/cm2

for ;100-fsec pulses, ionization processes, plasma defo
ing, and Raman scattering effects become important. In
section, we simulate propagation of the laser pulse from
previous example through the region of plasma generat
The output of the previous simulation is extrapolated for;2
m using Eqs.~46! to numerically solve for the laser spot siz
duration, and peak intensity close to the ionization regi
The extrapolation was performed because of the comp

FIG. 11. Surface plots of the laser intensity atz50 and z
50.49 km showing compression and focusing corresponding to
simulation of Fig. 9. Peak laser intensity increases by a fac
of 300.
8-13
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tional difficulty in using the full nonlinear simulation to ac
curately model the large variation of the spot size near
focal point. The extrapolated results are then used to init
ize the Gaussian laser pulse in this high-intensity simula
which begins atz05492 m. The propagation distanceDz is
measured relative toz0 , i.e., Dz5z2z0 . The pulse atDz
50 is described by Eq.~45!, with R50.25 cm, T
50.12 psec,b57.2, anda52. The initial peak intensityI
58.831012 W/cm2 is below the intensity at which ioniza
tion effects become important. The initial ratio of the pe
power to the nonlinear focusing power,P/PNL52.5.

Figure 12 shows the evolution of the peak laser inten
and peak plasma density near the focal point. FromDz50 to
5 cm, self-focusing causes the peak intensity to increase
factor of ;8. As the laser intensity reaches the ionizati
threshold, a plasma channel is formed, which is highly loc
ized near the laser pulse axis. The radius of the plasma c
nel is ;20 mm. Formation of a plasma channel countera
the nonlinear focusing effect. FromDz55 to 20 cm, the
peak intensity is limited to,731013 W/cm2 while the peak
plasma density is on average;7.531016 cm23.

Figure 13 shows the evolution of the laser intensity pro
from Dz56.3 to 16.8 cm. The generation of a highly loca
ized plasma channel atDz54 cm causes the trailing edge o
the laser pulse to defocus and the pulse to shorten on axi
shown in Fig. 13~a!. Earlier parts of the pulse remain focuse
due to the absence of plasma. As the on-axis pulse le
decreases, the plasma density also decreases, thereby a
ing the trailing parts of the pulse~whereP.PNL) to refocus.
The refocusing of the trailing edge leads to the doub
peaked intensity profile seen in Fig. 13~b!. Subsequently, the
intensity of the leading peak decreases due to diffraction
til the intensity of the trailing peak becomes the global ma
mum @Fig. 13~c!#. At Dz516.8 cm, the trailing peak is re
constituted in such a way that the laser intensity pro
appears similar to that atDz57.6 cm. In earlier works@24# it
was proposed that these recurrences underlie the experi
tally observed long-distance propagation of intense pulse
air.

Since laser energy is lost to ionization whenever refoc
ing and plasma generation occur, the number of recurren

FIG. 12. Full scale simulation results showing the variation
peak laser intensity and peak plasma density with propagation
tance in the vicinity of the focal region. The laser pulse atDz50 is
characterized byR50.25 mm, T5120 fsec, b57.2, a52, and
peak intensityI 58.831012 W/cm2.
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will be limited. Refocusing will not be possible when th
amount of energy lost to ionization is sufficient to cause
pulse power to become less than the nonlinear self-focu
power. Figure 14 shows the pulse energy as a function
propagation distance. The sudden decrease in energy aDz
55 cm corresponds to the location at which a plasma den
of ;1017 cm23 is generated. FromDz55 to 25 cm,;7% of
the pulse energy is lost to ionization. Figure 15 shows
on-axis profile of the laser intensity and power~normalized
to PNL) at Dz516.5 cm. The power profile atDz
516.5 cm remains relatively unchanged from its initi
Gaussian profile, indicating that there is little longitudin
energy transfer. Hence, the distortions in the laser inten
profile are caused mostly by transverse focusing. Note th
sufficient amount of power (P;2PNL) is present in the trail-
ing edge of the pulse to allow for self-focusing. For th
particular example, however, it is not possible to numerica
simulate propagation beyondDz525 cm due to the large
amount of spectral broadening that occurs, causing the th
retical model to become invalid; e.g., atDz525 cm, udvu
;0.4v0 .

f
is-

FIG. 13. Surface plots of laser intensity following the formatio
of plasma for the parameters described in the caption of Fig. 1

FIG. 14. Variation of laser energy with propagation distance
the region of plasma formation for the simulation of Fig. 11.
8-14
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Figure 16 shows that the on-axis Fourier spectrum of
laser pulse broadens with propagation distance. The as
metry of the spectrum, i.e., the more prominent redshift
associated with the gradient of the laser intensity becom
larger at the front of the pulse than at the back@34#. At Dz
517.7 cm, the blue-shifted part of the spectrum is su
ciently broad that it spans the visible spectrum indicating t
white light is generated near the focal point. Modulations
the spectrum, which are prominent atDz515.2 cm, are
caused by a self-interference effect that can be understoo
follows. Initially, every axial position within the chirped la
ser pulse has a different frequency, as shown in Fig. 17~a!.
As the pulse propagates, Fig. 17~b! shows that distortions in
the laser envelope cause different axial positions of the p
to have the same frequency. These positions represent w
with the same frequency but with different phases that
interfere constructively or destructively depending on
relative phase difference. This interference results in mu
peak structures in the spectrum@57#.

C. Vertical propagation, compression, and focusing

We use Eqs.~46! to examine propagation in a spatial
varying atmosphere. The spatial variation of air density
given by na(z)5na(0)exp(2z/La), where na(0)52.7
31019 cm23 is the neutral density at sea level, andLa
58 km is the characteristic scale for the upward variation
the air density. The initial laser pulse is characterized

FIG. 15. Normalized, on-axis profile of laser intensity (I /I 0)
and power (P/PNL) at propagation distanceDz516.5 cm for the
simulation of Fig. 11.

FIG. 16. Fourier spectrum of laser intensity as a function
wavelength at propagation distancesDz50, 15.2, and 17.7 cm for
the simulation of Fig. 11.
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R0528 cm,T055 psec,I 053.23106 W/cm2, l51.06mm,
bo5246 ~a negative chirp withudv fullu/v0'0.02), andao
510 ~a focusing beam!. The dashed curve in Fig. 18~a!
shows the altitude variation of the air density. The so
curve shows the evolution of the peak laser intensity~nor-
malized to its value atz50) with altitude. For these param
eters the focal length, i.e., the distance at which the pu
duration and spot size are simultaneously minimized, is;21
km. The intensity increases by a factor of 23104 at focus.
Most of the intensity gain occurs within 5 km of the foc
region where the density of air is relatively low.

Figure 18~b! shows the variation of laser spot size a
pulse duration withz. From z50 to ;20 km, the spot size
decreases linearly withz, indicating that the transverse focu
ing is mostly linear, i.e., due to the wave front curvature
the pulse. Nonlinear self-focusing becomes dominant o
the final 2 km of propagation and causes the spot size
decrease more rapidly. In the absence of ionization and o
higher-order nonlinearities, the spot size collapses to zer
z;22 km. The pulse duration decreases continually due
group velocity dispersion, and is reduced by a factor
;1/20 in the focal region.

VI. SUMMARY

In this paper we have investigated a number of key phy
cal processes associated with short, intense laser pu
propagating in the atmosphere. Some of the potential ap
cations stem from the possibility of creating an atmosphe
‘‘lamp’’ at a remote location with spectral characteristics th
are similar to a white light source@4,8,9#. The applications
range from remote sensing and ultraviolet fluorescence s

f

FIG. 17. Intensity profile~dashed curves! and normalized in-
stantaneous frequency spread (dv/v0) of the laser pulse at~a!
Dz50 and ~b! Dz515.2 cm corresponding to the spectra of F
15.
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troscopy to electromagnetic countermeasures, hyperspe
imaging, differential absorption spectroscopy, and indu
atmospheric electrical discharges~artificial lightning! @10–
18,58#.

Nonlinear equations have been derived which include
persion, nonlinear self-focusing, stimulated molecular ro
tional Raman scattering, multiphoton and tunneling ioni
tion, pulse energy depletion due to ionization, atmosph
nonuniformity, relativistic focusing, and plasma wakefie
generation. The nonlinear equations have been used to
lyze a number of phenomena, such as the compression
focusing of chirped laser pulses, laser filamentation,
white light generation.

The variation of the nonlinear refractive index and insta
taneous frequency shift along an intense laser pulse in air
been calculated. The analytical results have been obtaine
assuming a self-similar form for the laser envelope and
riving coupled envelope equations for the amplitude, pha
curvature, and spot size. As an example, for a;500-fsec
laser pulse, the frequency shifts associated with bound e
trons, ionization, and Raman scattering are found to be c
parable. The combined effects of bound electron nonline
ties, ionization, and Raman scattering produce a redshi
the front of the pulse and a larger blue shift at the back.

Using the SDE a coupled set of equations for the s
size, laser power, and electron density is derived. A nec
sary condition for an approximate equilibrium of a sing
optical filament has been derived, assuming that the ion
tion rate is low. The equilibrium involves a balancing b

FIG. 18. ~a! Dependence of air density~dashed curve! and peak
laser intensity~solid curve! on z ~altitude!. ~b! Normalized laser
spot size~dashed curve! and pulse duration~solid curve! as a func-
tion of altitude. Evolution of the laser spot size, pulse duration, a
peak intensity for the given density profile are calculated using E
~46!. Initial conditions are given byR0528 cm, T055 psec, I 0

53.23106 W/cm2, l51.06mm, b05246 ~a negative chirp with
udv fullu/v0'0.02), anda0510.
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tween nonlinear self-focusing, diffraction, and plasma de
cusing, and is shown to require a specific distribution
power along the filament. For the approximate equilibriu
the laser power at the head of the pulse equals the nonli
focusing power, and increases towards the back of the pu
The increase in power is necessary to counteract the effe
plasma defocusing. When the laser intensity is sufficien
high to cause considerable energy depletion due to ion
tion, an equilibrium solution no longer exists and self-guid
propagation is not possible. Numerical solutions of the S
equations show that a;100-fsec laser pulse can propagate
a self-guided mode for;10 Rayleigh lengths, after which
plasma defocusing erodes the front and back of the pu
This defocusing leads to the formation of a very sh
;5-fsec pulse that can propagate for;100 Rayleigh lengths.

A method for generating a remote spark in the atmosph
has been proposed and investigated. This method utilizes
dispersive and nonlinear properties of air to cause a lo
intensity chirped laser pulse to compress both longitudina
and transversely. For optimally chosen parameters, the tr
verse and longitudinal focal lengths can be made to spati
coincide resulting in a rapid intensity increase, ionizatio
and white light generation in a localized region far from t
source.

Solutions of the envelope equations are found to ag
well with full 3D simulations in the low-intensity propaga
tion regime far from the focal region. Near the focal sp
where the intensity is large enough to ionize air, plasma fi
ments can be generated in a region;1 m in extent and
significant white light generation occurs.
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APPENDIX: DERIVATION OF NONLINEAR
SOURCE TERMS

In this Appendix the nonlinear source amplitude given
Eq. ~6! is derived. It is convenient to write the nonlinea
source term as

SNL~r ,t !5Sbound1SRaman1Splasma1Swake1Srel1Sion

5SNL~r ,t !eic~z,t !ex/21c.c., ~A1!

where the various contributions,Sbound, SRaman, Splasma,
Swake, Srel , and Sion , represent, respectively, contribution
from the third-order nonlinearity associated with bound el
trons, stimulated Raman scattering, plasma generat
wakefields, relativistic motion of free electrons, and las
energy depletion due to ionization. The various source te
are derived in the following sections.
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1. Nonlinear polarization of bound electrons

In general, the nonlinear source term due to bound e
trons, Kerr effect, is

Sbound~r ,z,t !54pc22]2Pbound~r ,t !/]t2

5Sbound~r ,t !eic~z,t !êx/21c.c., ~A2!

where the phase isc(z,t)5k0z2v0t. The nonlinear polar-
ization field is given by@34–36#

Pbound~r ,t !5xNL^E•E& tE~r ,t !, ~A3!

wherexNL is the scalar third-order susceptibility of the ne
tral gas and the brackets^& t denote a time average. In th
approximation the third harmonic component of the nonl
ear polarization field is neglected and the nonlinear respo
is assumed to be instantaneous. The refractive index is
sum of the linear and nonlinear contributions, and in
absence of relativistic effects is expressible as

n~r ,v!5n0~r ,v!1n2I , ~A4!

whereI is the time-averaged intensity andn2 is the nonlinear
refractive index associated with bound electrons. Equa
~A3! can be expressed in terms ofn2 , i.e.,

Pbound~r ,t !5
1

4p
@2n0n2I ~r ,t !#E~r ,t !

5S n0

4p D 2

cn2uA~r ,t !u2E~r ,t !, ~A5!

where n0 is the linear index,n25(8p2/n0
2c)xNL , I (r ,t)

5(c/4p)n0^E•E& t5cn0uAu2/8p is the intensity, andun2I u
!n021 has been assumed. Substituting Eq.~A5! into ~A2!
and using the envelope representation forE(r ,t), i.e., Eq.
~2a!, the amplitude of the nonlinear source term is

Sbound~r ,z,t !5
v0

2n0
2n2

4pc
uA~r ,t !u2A~r ,t !. ~A6!

2. Stimulated nonresonant Raman scattering

Stimulated Raman scattering of laser pulses propaga
through air has been studied extensively@28,59–69#. For al-
titudes below 100 km, the dominant Raman process for l
pulses~;nsec! is due to scattering from N2 molecules in-
volving the S(8) rotational transition from theJ58 to J
56 rotational states, while the molecule remains in the
brational ground state@61#. For a linearly polarized lase
with wavelength 1.05mm, experiments using long~;nsec!
pulses indicate that the Raman gain coefficient is;2.5
cm/TW @28#. The observed Raman shift for theS(8) rota-
tional transition is 75 cm21 (Dv;1431012 sec21) while the
characteristic relaxation time for excited states is typica
0.1 nsec at sea level. A number of experimental studies h
employed shorter~;100 fsec! laser pulses to investigate Ra
man scattering. In particular, the gain coefficient and dam
04641
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ing rate have been measured and found to be different f
those appropriate for longer pulses@50#.

The theoretical model used here to incorporate the effe
of stimulated rotational Raman scattering into the gene
nonlinear propagation equation is based on the standard
sity matrix formalism@70# with an envelope representatio
for the laser electric field, i.e., E(r ,t)
5(1/2)A(r ,t)eic(z,t)ê'1c.c., whereA(r ,t) is the complex
amplitude,ê' denotes a unit vector in the polarization dire
tion, and c.c. denotes the complex conjugate. The enve
representation allows for the generation of a multiwave R
man spectrum, i.e., harmonics of the Stokes and anti-Sto
sidebands, as well as broadening of the individual lines. T
model also describes the Raman response in the tran
regime, and accounts for the natural damping or relaxatio
excited states and saturation due to the population deple
of the ground state.

Stimulated Raman scattering is associated with a non
ear polarization field PRaman(r ,t)5PRaman(r ,t)eic(z,t)êx/2
1c.c., which gives rise to a source term in the propagat
equation for the laser envelope. The nonlinear source ter
expressed in terms of the nonlinear polarization as

SRaman~r ,z,t !54pc22]2PRaman~r ,t !/]t2

5SRaman~r ,t !eic~z,t !êx/21c.c. ~A7!

It is assumed that the rotational states of a molecule can
represented as a three-level system with energy levelsW1
andW2 , and an excited state~e.g., an electronic or transla
tional state! with energy W3@W22W1 . Since the eigen-
states are assumed to possess definite parity, direct tr
tions between states 1 and 2 are forbidden. It is also assu
that the Raman processes is nonresonant, so that state
not populated. Under these assumptions, it can be sh
using the standard density matrix formalism@70# that the
nonlinear polarization can be represented as

PRaman5xLQ~ t !A~r ,t !, ~A8!

whereQ(t) is the unitless oscillator function which is dete
mined by the system of equations

]2Q

]t2 1~vR
21G2

2!Q12G2

]Q

]t
52vR

VR
2

V
W~ t !

uA~r ,t !u2

A0
2 ,

~A9!

]W

]t
5

VR
2

vRV

uA~r ,t !u2

A0
2 S ]Q

]t
1G2QD2G1~W2W0!,

~A10!

whereVR5mA0 /\ is the Rabi frequency associated with th
peak laser amplitudeA0 and m is the dipole transition mo-
ment matrix element associated with transitions to state
The quantitiesG1 and G2 are phenomenological dampin
rates that have been included heuristically. The quantityW is
the difference between the normalized population densi
of states 2 and 1, andW05W(t→2`). For a medium in
which all molecules are initially in the ground stat
W0521.
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Assuming a slowly varying amplitude for the polarizatio
i.e., u]2PRaman/]t2u!v0

2uPRamanu, the source term for stimu
lated Raman scattering is given by

SRaman524p
v0

2

c2 xLQ~r ,t !A~r ,t !. ~A11!

The solution of Eq.~A9! can be rewritten in the form

Q~r ,t !52
nRn0

2pxL
E

2`

t

dt8W~ t8!R~ t2t8!I ~r ,t8!,

~A12!

where

R~ t !5S vR
21G2

2

vR
De2G2t sin~vRt !, ~A13a!

is the Green’s function for the Raman process,

nR5
16p2xL

cn0
2V

m2

\2

vR

vR
21G2

2 , ~A13b!

is the Raman contribution to the nonlinear index for lo
duration pulses (t.G2 ,vR), and R(t) is normalized such
that*0

`dtR(t)51. If only the Raman source term is retaine
on the right-hand side of Eq.~15!, it can be shown through a
stability analysis@35,36# that an initial Stokes perturbatio
dA(z50) on a cw pump laser beam can grow exponentia
i.e., DA(z)5dA(0)exp(gIpz), with a maximum gain coeffi-
cient

g5
8p2

c

xL

n0
2

m2

\2

v0

c

1

VG2
, ~A14!

whereI p is the pump intensity. Stokes–anti-Stokes coupl
will reduce the gain coefficient.

The nonlinear polarization field in Eq.~A8! has a contri-
bution that is third order in the field amplitude, and thus c
contribute to the total nonlinear refractive index. Includi
the bound electron and molecular Raman response, the
nonlinear refractive index is

nNL~r ,t !5n2I ~r ,t !2nRE
2`

t

dt8W~ t8!R~ t2t8!I ~r ,t8!.

~A15!

For a constant amplitude laser pulse with durationtL , the
field amplitude can be written asA5A0@Q(t)2Q(t
2tL)#, wheret5t2z/c. We assume that there is negligib
population inversion,W(t)'21. With these approxima
tions, Eqs.~A13! and ~A14! indicate that the total nonlinea
index within the pulse, i.e., 0,t,tL , is

nNL~t!5n21nR$12e2G2t@cos~vRt!

1~G2 /vR!sin~vRt!#%, ~A16!

wherenR can be written in terms of the gain,
04641
,
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nR52
vR

v0

G2

vR
21G2

2 cg. ~A17!

In the long-pulse limit (t@1/G2), nR represents the effective
nonlinear index due to Raman effects, and the total nonlin
refractive index isnNL5n21nR . For shorter pulses, com
pared with the characteristic Raman times (t!1/vR , t
!1/G2), the nonlinear refractive index is due purely to th
bound electron response, i.e.,nNL5n2 .

Experiments suggest that the Raman response is a s
tive function of the pulse duration. For a long~;nsec! laser
with wavelength 1mm (v051.931015 sec21), the rota-
tional Raman response is dominated by theS(8) rotational
transition fromJ58 to J56, which is characterized byvR
;1.431013, G2;1010 sec21, and g;2.5 cm/TW for air at
STP @28,62#. For these parameters, the nonlinear refract
index due to rotational Raman processes isnR55.6
310220 cm2/W. Assuming that bound electron and Ram
effects are the dominant contributions to the nonlinear refr
tive index, the empirically determined value ofnNL'n2
1nR in the long-pulse regime is;5.6310219 cm2/W, giv-
ing nR /nNL'0.1. More recent experiments, which propaga
much shorter;100-fsec laser pulses with wavelengthl
50.8mm through air, suggest that the effective paramet
for the short-pulse regime arevR'1.631013 sec21, nR
'n2'3310219 cm2/W, and G2'1.331013 sec21 @50#,
giving an effective gain coefficient ofg'0.025 cm/TW.

3. Plasma, wakefield, and relativistic source terms

The source term in the wave equation due to the mot
of free electrons is given bySfree5(4p/c2)]J/]t, where the
plasma current densityJ satisfies the equation

]J

]t
1neJ5

vp
2

4p S 11
dne

ne
DE~r ,t !. ~A18!

In Eq. ~A18!, vp(r ,t)5(4pq2ne(r ,t)/m)1/2 is the plasma
frequency,ne(r ,t) is the electron density,dne(r ,t) is the
plasma density perturbation due to wakefields, andne is the
collision frequency of electrons. For airne'331012 sec21

@19,24#. Equation~A18! is valid even if the plasma density i
increasing because of ionization. It can be shown that
electric field associated withdne(r ,t) satisfies the equation
@71#

F ]2

]t2 1c2
“3“31vp

2~r ,t !GEw5
q

4m

vp
2~r ,t !

v0
2 “uAu2.

~A19!

The wakefield density perturbation is then obtained fro
dne5“•EW/4pq. Writing the laser electric field and plasm
source terms as E(r ,t)5A(r ,t)eic(z,t)êx/21c.c. and
Sfree(r ,z,t)5Sfree(r ,t)eic(z,t)êx/21c.c., respectively, Eq.
~A18! yields

Sfree5
vp

2~r ,t !

c2 S 11
dne

ne
2

dm

m D S 12 i
ne

v0
DA~r ,t !.

~A20!
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In writing Eq. ~A20!, the plasma current densityJ was ob-
tained to orderne /v0!1. The plasma frequency in Eq
~A20! contains contributions from ionization and relativist
electron motion. In order to write out each contribution e
plicitly, the electron mass is written asm1dm, wherem is
the electron rest mass anddm is the modification due to
relativistic motion of the electron in the laser field. To seco
order in the field amplitude, the fractional change in the el
tron’s mass is

dm/m5
1

4 S q

mcv0
D 2

uA~r ,t !u2. ~A21!

In writing Eq. ~A21! it has been assumed thatuqA/mcv0u
!1, i.e., the weakly relativistic limit. The magnitude o
qA/mcv0 is often referred to as the laser strength parame
For a linearly polarized laser beam,uqA/mcv0u58.6
310210(l@mm#)(I 1/2@W/cm2#), wherel is the wavelength
in microns andI is the intensity in W/cm2.

Using Eq.~A21!, Eq. ~A20! can be written explicitly as
Sfree5Splasma1Srel1Swake, where

Splasma5
vp

2~r ,t !

c2 S 12
ne

v0
DA~r ,t !, ~A22a!

Srel52
vp

2~r ,t !

4c2 S quA~r ,t !u
mcv0

D 2

A~r ,t !, ~A22b!

Swake5
vp

2~r ,t !

c2

dne

ne
A~r ,t !, ~A22c!

where it has been assumed thatdm/m!1, ne /v0!1, and
udneu/ne!1.
u,

.

nd

i-
il
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4. Laser energy depletion due to ionization

To derive the source term describing the depletion of
laser energy due to ionization, we note that the rate of cha
of the total field energy~electric and magnetic! due to only
ionization is

]Wf

]z
5U ionE ne~x,y,z,t!ds, ~A23!

whereWf is the total field energy,U ion is the effective ion-
ization energy, andds is the differential cross sectional are
The total field energy can be written as

Wf52E dsE d~ct!^E•E& t/4p, ~A24!

where ^ & t denotes a time average,^E•E& t5uAu2/2, and
2cdt is the differential in thez direction. Substituting Eq.
~A24! into Eq. ~A23!, we find that

]uAu2

]z
528pU ion

]ne

]ct
. ~A25!

Equation~A25! accounts for field energy lost due to ioniz
tion, and indicates that an additional source term given b

Sion528p ik0

U ion

uAu2
]ne

]ct
A ~A26!

should be present to properly account for energy depleti
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